Applications of Definite Integration

EXERCISE 7.1 [PAGE 157]
Exercise 7.1 | Q 1.1 | Page 157

Find the area of the region bounded by the following curves, the X-axis and the given
lines: y=x%x=1,x=5
Solution:

Let A be the required area.

Consider the equation y = x*

5
.'.Azf y - dx
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= E(3125 — 1)
3124 _
A= . sq . units.

Exercise 7.1 | Q 1.2 | Page 157

Find the area of the region bounded by the following curves, the
X-axis and the given lines:y = vézx + 4,z =0,z = 2
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Solution:
Let A be the required area.
Consider the equation y = vV6x + 4.

]
N
5

:mx+@ﬂ

}6x2+@%—45x0+4ﬁ]

O = O~ |~

(16)* — (4)7 ]
:(42)% B (22)%]
(@) - (2)°]

(64 — 8)

o6 .
= — sq.units.
g q

F ol o~ o~

Exercise 7.1 | Q 1.3 | Page 157
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Find the area of the region bounded by the following curves, the
X-axis and the given lines:y = V16 —x2, x=0,x = 4
Solution:

Let A be the required area.

Consider the equation y = v/ 16 — z2.

4
.'.AZ[ y-dz
0

4
:/ V16 — x2 - dzx
0

/ V@ @ de

9 4

I T O L

5 V(&) —a* 4 ——sin (4)]0
_ 4,/ 2, 16 . 4[4 0./ 2 16 . (0
" |2 16 — (4)" + 5 sin (4)]—[2 16 — (0)” + 5 sin {5
= [2(0) + 8sin~ 1 (1)] - [0 + 0]
=8><g
.. A = 4m q. units.

Exercise 7.1 | Q 1.4 | Page 157

Find the area of the region bounded by the following curves, the X-axis and the given
lines: 2y =5x+7,x=2,x=8

Solution: Let A be the required area.

Consider the equation 2y = 5x + 7

, S5r 4+ 7
e y=
2

8
.-.Azf y - dr
2
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8 =
:/ a;r—l—?vdx
5 2

1

8
=—f(5$—|—7)-d:r:
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=53 -|—7;13]
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[ 5 x 82 5 x 22
=—( z —l—?’><8)—( z +7><2)}
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1
2
1
5 [(160 +56) — (10 + 14)]
1
2
1
2

(216 — 24)

x 192

. A = 96 sq. units.

Exercise 7.1 | Q 1.5 | Page 157

Find the area of the region bounded by the following curves, the X-axis and the given
lines: 2y +x=8,x=2,x=4
Solution:

Let A be the required area.
Consider the equation 2y + x = 8
8 —x

2

4
.'.A:f y - dz
2

4
8 —
/ T de
2
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[;(a—x)-dx
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- (24— 14
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1
- = x 10
5 d

.. A =5 sq. units.
Exercise 7.1 | Q 1.6 | Page 157

Find the area of the region bounded by the following curves, the X-axis and the given
lines:y=x2+1,x=0,x=3

Solution: Let A be the required area.

Consider the equationy = x? + 1.

3
.'.A=/ y-dz
0

:/:(mzﬂ).dx

5+
=|l=+=z
3 0

33
=\—=+3|—(0
(5+3)-©
= (9 + 3)
- A =12 sq. units.
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Exercise 7.1 | Q 1.7 | Page 157

Find the area of the region bounded by the following curves, the X-axis and the given
lines:y=2-x?,x=-1,x=1

Solution: Let A be the required area.

Consider the equationy = 2 — x.
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. A = —sq. units.
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Exercise 7.1 | Q 2 | Page 157

Find the area of the region bounded by the parabola y? = 4x and the line x = 3.
Solution:

Get More Learning Materials Here : & m &N www.studentbro.in



X'

V'
Glven equation of the parabola is y* = 4x
Ly = 2z .. In first quadrant, y > 0]
and equation of the line is x = 3
. Required = area of the region OQRPO
= 2(area of the region ORPO

3
=2/ y - de
0

3
= /2&-.:.{:.:
0
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1'3
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T
4 3
2

40

=4><§:(3)%—{}]

569

- Required area = 8v/3sq. units.

Exercise 7.1 | Q 3 | Page 157

Find the area of circle x? + y? = 25.
Solution:

By the symmetry of the circle, required area of the circle is 4 times the area of the
region OPQO.
For the region OPQOQO, the limits of integration are x =0 and x = 5.

Given equation of the circle is

X2 +y2 =25

y2:25_X2

Ly =+ /25— x?

~y=v25—22  _[vInfirstquadrant,y > 0]

-. Required area = 4 (area of the region OPQO)
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5
=4><f y-dz
0

5
=4><f V25 —z?.dx
0
5
:4/ 5% — 22.dx
i \/ (5)

5
5 25 5
4{ B 25 — (5)° + —sin ! (g
5
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:4(§ XI)
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= 251 sq. units.
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Exercise 7.1 | Q 4 | Page 157

2y
T
Find the area of ellipse — 4+ =— = 1.
PSE 1 T 95
Solution:
%4—% =1
‘¢ » X
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By the symmetry of the ellipse, required area of the ellipse is 4 times the area of the
region OPQO.
For the region OPQO, the limits of integration are x =0 and x = 2.

2
T
Given equation of the ellipse i1s — + yZ

AN
4 25

-
Ly = 2 V4 —x2 _[vInfirst quadrant, y . 0]

.. Required area = 4(area of the region OPQO)

2
:4/ y-dx

0
:4/22\/@'(&

0
:4;5[;2\/(2)27_:32@3;
_1{}[ (2)2_$2+(2—2)25i11—1(
_ 10{ !2 (2}2_(2)2_'_ (22)2 sin ! (;)] _ lgm—i— (22}2 Sinl(g)]}

= 10{[0 + 2 sin~" (1)] = [0 + O}

m
=1{}(2 —)
3

= 10m sq. units.
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= (%]
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MISCELLANEOUS EXERCISE 7 [PAGES 157 - 158]
Miscellaneous Exercise 7 | Q 1.1 | Page 157

Choose the correct alternative :
Area of the region bounded by the curve x? =y, the X-axis and the lines x =1 and x = 3
IS .
1. 26/3sq. units
2. 3/26sq. units
3. 26 sg. units
4. 3s(g. units
Solution:

2
Required area 2/ y - dx
1

3
/xg-d;t:
1
5],
3 11

1
= —(27-1

5 ( )
26 y
= 35q_u1115.

Miscellaneous Exercise 7 | Q 1.2 | Page 157
Choose the correct alternative :

The area of the region bounded by y? = 4x, the X-axis and the linesx =1 and x =4 is

28 sq. units

3 sg. units
56/3 sq. units
63/7 sq. units

w0 NP
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Solution:

X
- L )
7
X' 0) j » X
vX=1x=4

4
Required area = 2/ y - dx
1

4
=2 2\/.%-;;&:5

3
2

T
3
2

- %—(1)]
=—(8—1]

513
= — sq.units.

3
Miscellaneous Exercise 7 | Q 1.3 | Page 157
Choose the correct alternative :

Area of the region bounded by x2 = 16y, y = 1 and y = 4 and the Y-axis, lying in the first
guadrant is

1. 53 sQ. units
2. 3/56 sg. units
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3. 56/3 sqg. units
4. 63/7 sqg. units
Solution:

Y.

+

4
Required area = f x - dy
1

4
=/; 4,/y - dy

E 4
_ 4|l ¥
2 11

-2 [@? - )]

8
=—(8—1

S(8-1)

56 i
:?sq.umts.

Miscellaneous Exercise 7 | Q 1.4 | Page 157

Choose the correct alternative :
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Area of the region bounded by y = x4, x = 1, x = 5 and the X-axis is

3142/5 sq.unts
3124/5 sq.unts
3142/3 sq.unts
4. 3124/3 sq.unts
Solution: Let A be the required area.

adi A

Consider the equation y = x4,

5
'.Az[ y - dx
1

zt . dx

[l
o8 T 2

I
—
—_—
= n

|
5 LT }1
1
- 2|6 - )]
1
=g(3125—1)
3124 .
A= 5 sq . units

Miscellaneous Exercise 7 | Q 1.5 | Page 157
Choose the correct alternative :

Using definite integration, area of circle x> + y> = 25 is

51T sq. units
41T sq. units

2517 s@. units

0N

25 sQ. units
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Solution: Let A be the required area.

Consider the equationy = v/ 16 — x2,

4
.'.Azf y-dz
0

:f\/ﬂ.dx

:fm.dx

s ()]

- [Eviom @ Bt (3)] - [Sy o0+ B (2)]

= [2(0) + 8sin~! (1)] - [0 + 0]

o
=8 x —
g

.. A = 4m q. units.

Miscellaneous Exercise 7| Q 2.1 | Page 158

Fill in the blank :
Area of the region bounded by y = x4, x =1, x = 5 and the X-axis is

Solution: Let A be the required area.

Consider the equation y = x*

5
.'.A:/ y - dx
1
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- =[(5)° - (]
1
=E(3125_1)
3124 ,

A= 5 sq . units.

Miscellaneous Exercise 7| Q 2.2 | Page 158

Using definite integration, area of the circle x*> + y2 =49 is
Solution: Area of the circle x? + y2 = r? is T1r? sq. units.
Here, 1> = 49

~ Required area = 491r sq. units.

Miscellaneous Exercise 7 | Q 2.3 | Page 158
Fill in the blank :

Area of the region bounded by x? = 16y, y = 1, y = 4 and the Y-axis, lying in the first
quadrant is

Solution:
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4
Required area = f x - dy
1

4
zﬂ N
4
-4

=
h.:lw| it

- 5[@* - ]
- 56— 1)

o6 i
= 3 sq.unts.

Miscellaneous Exercise 7| Q 2.4 | Page 158
Fill in the blank :

The area of the region bounded by the curve x? =y, the X-axis and the lines x = 3 and x
=9is
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Solution:

9
Required area:f y - dx
3

9
=/ z? - de
3

_Lligs_ a3
_3(9 3?)

= < (720 - 27)

702

3
= 234 sq. units.

Miscellaneous Exercise 7| Q 2.5 | Page 158
Fill in the blank :

The area of the region bounded by y? = 4x, the X-axis and the linesx =1 and x =4 is

Solution:
Y
4 4
==y =4x
X5 % >X
v¥=1x=4
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4
Required area = 2[ y-dx
1

4
=2 2«/:de

l%l

(@7 - (1)?]

=—(8—-1

3( )
o6 .

=?5q.u1uts.

Miscellaneous Exercise 7| Q 3.1 | Page 158

State whether the following is True or False :

The area bounded by the curve x = g (y), Y-axis and bounded
between the linesy = cand y = d is given by

d y=d
fﬂ:-dy=f g(y) - dy
C y=c

1. True
2. False

Solution: The area bounded by the curve x = g (y), Y-axis and bounded between the
linesy=candy =dis given by

d y=d
[ x-dy = f g(y) - dy True.
C y=c
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Miscellaneous Exercise 7 | Q 3.2 | Page 158

State whether the following is True or False :

The area bounded by the two cures y = f(x), y = g (x) and X-axis is

ihf(x)-dx—ﬁﬂg(m)-@

1. True
2. False

Solution:

The area bounded by two curves y = f(x), y = g (x) and X-axis is

I]f(ff)-a’ﬂ':— I]g(ﬂﬂ) ~dx
/ /

Miscellaneous Exercise 7 | Q 3.3 | Page 158

False.

State whether the following is True or False :

The area bounded by the curve y = f(x), X-axis and lines x = a and

/ () - da
1. True

2. False

x =bis

Solution:

The area bounded by the curve y = f(x), X-axis and lines x = a and

/ " f(e) - de

Miscellaneous Exercise 7 | Q 3.4 | Page 158

Xx=Dhis True.

State whether the following is True or False :
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If the curve, under consideration, is below the X-axis, then the area bounded by curve,
X-axis and lines x = a, x = b is positive.

1. True
2. False

Solution: If the curve, under consideration, is below the X-axis, then the area bounded
by curve, X-axis and lines x = a, x = b is positive True.

Miscellaneous Exercise 7| Q 3.5 | Page 158
State whether the following is True or False :

The area of the portion lying above the X-axis is positive

1. True
2. False

Solution: The area of the portion lying above the X-axis is positive True.

Miscellaneous Exercise 7 | Q 4.1 | Page 158
Solve the following :

Find the area of the region bounded by the curve xy = c?, the X-axis, and the lines x = c,
X = 2cC.

Solution: Given equation of the curve is xy = ¢?

"YZQ

2c
~. Required area = / y-dz
2c 9
:/ C dx
e T
2c
1
= czf (—) -dx
e \
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2c
c

= c’[log z]
= c2(log 2c - log ¢)

2c
_ 2
=c log(c)

= ¢? log 2 sq.units.

Miscellaneous Exercise 7| Q 4.2 | Page 158

Solve the following :

Find the area between the parabolas y? = 7x and x2 = 7y.

Solution: Given equations of the parabolas are y? = 7x ...

and x? =7y

2t )
Ly = Ea .(11)

From (i), we get

y = VT -.(ili) [+ In first quadrant, y > 0]

Find the points of intersection of yz = 7x and x% = 7y.
Subbstituting (i) in (1) we get

2\,
7 =X

x4 = 343y
¥}~ 34x =0
3 _
X(x> —343) = 0

“x=0o0rx>=343 =73

x=0orx=7
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YI
Whenx =0,y =0andwhenx =7,y =7

-. The points of intersection of y2 = 7x and x2 = 7y are O(0, 0) and B(7, 7).
Draw BD L OX

Required area = area of the region OABCO
= area of the region ODBCO - area of the region ODBAO

= area under the parabola yz = 7x — area under the parabola X2 = Ty

T 7 :1?2
- / VT - dz — f - dx ...[from (iii) and (ii)]
0 0
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- ZT‘/? (7v7) - 2—11(343)

98 49
3 3

49 .
= ?sq units.

Miscellaneous Exercise 7| Q 4.3 | Page 158

Solve the following :
Find the area of the region bounded by the curve y = x? and the line y = 10.

Solution: Given equation of the curve is

y=x?

LX =AY ...['-'1In first quadrant, x> 0]

Required area = area of the region ORQPO
= 2 (area of the region ORQO)

10
=2/ x - dy
0
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I

I
—

iy

mlw‘ i
—_ 1
[ =t
=

40/10

= sqg.units.
3 q

Miscellaneous Exercise 7| Q 4.4 | Page 158

Solve the following :

| s
Find the area of the ellipse — + — = 1.
16 9
Solution: By the symmetry of the ellipse, required area of the ellipse is 4 times the area
of the region OPQO.

For the region OPQO, the limits of integration are x = 0 and x = 4.

S/
Q.3
/ .X_ R L =1
16 Y
X’: >
Q P(4, 0)
v
Y’
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e e

Given equation of the ellipse is 16 + = =1

9
: 1 2
- _ - 1

2
L2 £
- =911 — —

— 9 2
—E(lﬁ—x)

.'.}:’Z:l:%\!lﬁ—ﬂ?z

3
S 1 16 — x2 [ In first quadrant, y > 0]

.. Required area = 4(area of the region OPQQO)

4
=4/ y - dx
0

4
=4/ %vlﬁ—xz-dx
0

=3f4\;(4]2—;r:2-d:r:
= 3!;13 (4)* — 22 + @jsinl(Z)]4

3{ l‘;\f(zif —(4)? + (42)2 sinl(i)] - lg‘\/(ﬁl)z —(0)* + (42)2 sinl(g)]}
3{[0 + 8sin—1 (1)] = [0 + O}

3(8>< %)

= 12T sq. units.
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Miscellaneous Exercise 7| Q 4.5 | Page 158

Solve the following :

Find the area of the region bounded by y = x?, the X-axis and x =1, x = 4,

Solution:
Y
y:x2 “n J?
+—1—x=1
] —
X 0 X
W;'rr X = 4

4
Required area = / y-dz
1

4
:/ z? . dr
1

13 3

-5 (¢ -1
1

- S (64-1)
1

= 5(63)

= 21 sq. units.

Miscellaneous Exercise 7| Q 4.6 | Page 158
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Solve the following :

Find the area of the region bounded by the curve x? = 25y, y = 1, y = 4 and the Y-axis.

Solution:
, S
r \“':25))
T
n=4
e é R y =1
K 0 =X
YI

Given equation of the curve is x2 = 25y
~84/y  ..[vInfirst quadrant, x > O]
Required area = area of the region PRSVP
= 2(area of the region QRSTQ)

4
=2/ x - dy
1
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HIORY

20
BE
20
= (7
5 (7)
140 )
= qu. units.

Miscellaneous Exercise 7| Q 4.7 | Page 158

Solve the following :
Find the area of the region bounded by the parabola y? = 25x and the line x = 5.

Solution:

Given equation of the parabola is yz = 25x
Ly = 5T ..l lIn first quadrant, y > 0]
Requred areaa = area of the region OQRPO
= 2(area of the region ORPO)

5
=2/ y-dz
0
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